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Abstract 

o: 

^SJ , The present paper is a continuation of 6 . The object of interest is a two-dimensional 

model of a directed copolymer, consisting of a random concatenation of hydrophobic and 
hydrophilic monomers, immersed in an emulsion, consisting of large blocks of oil and 
water arranged in a percolation-type fashion. The copolymer interacts with the emulsion 
through an interaction Hamiltonian that favors matches and disfavors mismatches between 

1 -p^ ' the monomers and the solvents, in such a way that the interaction with the oil is stronger 

C^ , than with the water. 

The model has two regimes, supercritical and subcritical, depending on whether the 
oil blocks percolate or not. In 6J we focussed on the supercritical regime and obtained 
a complete description of the phase diagram, which consists of two phases separated by 
a single critical curve. In the present paper we focus on the subcritical regime and show 

f^*) ' that the phase diagram consists of four phases separated by three critical curves meeting 

^\ , in two tricritical points. 
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1 Introduction and main results 




Figure 1: An undirected copolymer in an emulsion. 



1.1 Background 

In the present paper we consider a two-dimensional model of a random copolymer in a random 
emulsion (see Fig. [1]) that was introduced in den Hollander and Whittington [3]. The copoly- 
mer is a concatenation of hydrophobic and hydrophilic monomers, arranged randomly with 
density 2 each. The emulsion is a collection of droplets of oil and water, arranged randomly 
with density p, respectively, 1 — p, where p £ (0, 1). The configurations of the copolymer are 
directed self-avoiding paths on the square lattice. The emulsion acts as a percolation-type 
medium, consisting of large square blocks of oil and water, with which the copolymer inter- 
acts. Without loss of generality we will assume that the interaction with the oil is stronger 
than with the water. 

In the literature most work is dedicated to a model where the solvents are separated by 
a single flat infinite interface, for which the behavior of the copolymer is the result of an 
energy-entropy competition. Indeed, the copolymer prefers to match monomers and solvents 
as much as possible, thereby lowering its energy, but in order to do so it must stay close to 
the interface, thereby lowering its entropy. For an overview, we refer the reader to the theses 
by Caravenna [ij and Petrelis [7], and to the monograph by Giacomin [2]. 

With a random interface as considered here, the energy-entropy competition remains rele- 
vant on the microscopic scale of single droplets. However, it is supplemented with the copoly- 
mer having to choose a macroscopic strategy for the frequency at which it visits the oil and 
the water droplets. For this reason, a percolation phenomenon arises, depending on whether 
the oil droplets percolate or not. Consequently, we must distinguish between a supercritical 
regime p > Pc and a subcritical regime p < pc, with pc the critical probability for directed 
bond percolation on the square lattice. 

As was proven in den Hollander and Whittington [3], in the supercritical regime the 
copolymer undergoes a phase transition between full delocalization into the infinite cluster of 
oil and partial localization near the boundary of this cluster. In den Hollander and Petrelis 
[6] it was shown that the critical curve separating the two phases is strictly monotone in the 
interaction parameters, the phase transition is of second order, and the free energy is infinitely 
differentiable off the critical curve. 

The present paper is dedicated to the subcritical regime, which turns out to be considerably 
more complicated. Since the oil droplets do not percolate, even in the delocalized phase the 
copolymer puts a positive fraction of its monomers in the water. Therefore, some parts of the 



copolymer will lie in the water and will not localize near the oil-water-interfaces at the same 
parameter values as the other parts that lie in the oil. 

We show that there are four different phases (see Fig. [2]) : 

(1) If the interaction between the two monomers and the two solvents is weak, then the 
copolymer is fully delocalized into the oil and into the water. This means that the 
copolymer crosses large clusters of oil and water alternately, without trying to follow 
the interfaces between these clusters. This phase is denoted by Vi and was investigated 
in detail in [3]. 

(2) If the interaction strength between the hydrophobic monomers and the two solvents is 
increased, then it becomes energetically favorable for the copolymer, when it wanders 
around in a water cluster, to make an excursion into the oil before returning to the water 
cluster. This phase is denote by P2 and was not noticed in [4J. 

(3) If, subsequently, the interaction strength between the hydrophilic monomers and the two 
solvents is increased, then it becomes energetically favorable for the copolymer, before 
moving into water clusters, to follow the oil-water-interface for awhile. This phase is 
denoted by £1. 

(4) If, finally, the interaction between the two monomers and the two solvents is strong, 
then the copolymer becomes partially localized and tries to move along the oil-water 
interface as much as possible. This phase is denoted by £2- 




Figure 2: Typical configurations of the copolymer in each of the four phases. 



In the remainder of this section we describe the model (Section II. 2p . recall several key 
facts from [5] (Section II. 3p . define and characterize the four phases (Section II. 4p . and prove 
our main results about the shape of the critical curves and the order of the phase transitions 
(Section II. 5|) . 



1.2 The model 



The randomness of the copolymer is encoded by a; = {uji)i^fq, an i.i.d. sequence of Bernoulli 
trials taking values A and B with probability ^ each. The i-th monomer in the copolymer is 



hydrophobic when uji = A and hydrophihc when uji = B. Partition M^ into square blocks of 
size Ln S N, i.e., 

^^=1}^lAx), Al„(x) = xL„ + (0,L„]2. (1.1) 



The randomness of the emulsion is encoded by i7 = {Q.x)x^z'^^ an i.i.d. field of Bernoulli trials 
taking values A oi B with probability p, respectively, 1 — p, where p S (0,1). The block 
Kl^{x) in the emulsion is filled with oil when ^x = -^ and filled with water when Vl^ = B. 

Let Wn be the set of n-step directed self-avoiding paths starting at the origin and being 
allowed to move upwards, downwards and to the right. The possible configurations of the 
copolymer are given by a subset of W„: 

• y^n,L„ = the subset of Wn consisting of those paths that enter blocks at a corner, exit 
blocks at one of the two corners diagonally opposite the one where it entered, and in 
between stay confined to the two blocks that are seen upon entering (see Fig. [3]). 

The corner restriction, which is unphysical, is put in to make the model mathematically 
tractable. Despite this restriction, the model has physically relevant behavior. 




Figure 3: A directed self-avoiding path crossing blocks of oil and water diagonally. The light-shaded 
blocks are oil, the dark-shaded blocks are water. Each block is L„ lattice spacings wide in both 
directions. The path carries hydrophobic and hydrophihc monomers on the lattice scale, which are not 
indicated. 



rOJ.fl 



Pick a, /? G M. For uj, O and n fixed, the Hamiltonian H^'^ (vr) associated with vr G y^n,L„ 
is given by —a times the number of ^^-matches plus —(3 times the number of SS-matches. 
For later convenience, we add the constant ian, which, by the law of large numbers for w, 
amounts to rewriting the Hamiltonian as 

KSS^) = 2] (al{t^. = ^} - /31{a;. = S}) 1 {^fe_,,.^) = b] , (1.2) 

1=1 

where (7rj_i,7rj) denotes the i-th step in the path vr and 17.^ ^ s denotes the label of the 
block this step lies in. As shown in [Jj, Theorem 1.3.1, we may without loss of generality 
restrict the interaction parameters to the cone 



CONE = {(a,/3) e^^: a> |/3|}. 



:i.3) 



A path vr G Wn,L„ can move across four different pairs of blocks. We use the labels 
k, I £ {A, B} to indicate the type of the block that is diagonally crossed, respectively, the type 



of the neighboring block that is not crossed. The size Ln of the blocks in (jl.ip is assumed to 
satisfy the conditions 

L„ — > oo and — L„ ^ as n — > oo, (1-4) 

n 

i.e., both the number of blocks visited by the copolymer and the time spent by the copolymer 
in each pair of blocks tend to infinity. Consequently, the copolymer is self-averaging w.r.t. 
both Q and uj. 

1.3 Free energies and variational formula 

In this section we recall several key facts about free energies from [1], namely, the free energy 
of the copolymer near a single flat infinite interface (Section II. 3. ip . in a pair of neighboring 
blocks (Section ll. 3. 2p . respectively, in the emulsion (Section ll. 3. 3p . 

1.3.1 Free energy near a single interface 

Consider a copolymer in the vicinity of a single flat infinite interface. Suppose that the upper 
halfplane is oil and the lower halfplane, including the interface, is water. For c > 6 > and 
L e N, let WcL,bL be the set of cL-step directed self-avoiding paths from (0, 0) to {bL, 0). The 
entropy per step of these paths is 

k{c/b)= lim -^log\WcL.bL\- (1.5) 

On this set of paths we define the Hamiltonian 

cL 

Kl{^) = Y. ("1^^^ = ^} - /5lVi = B]) l{(7ri_i,7ri) < 0}, (1.6) 

where (7rj_i,7rj) < means that the i-th step lies in the lower halfplane (as in (|1.2p we have 
added the constant ^^(^cL). The associated partition function is 

^Sl= E exp [-//-/(vr)] . (1.7) 

It was proven in [3], Lemma 2.2.1, that 



lim -^ log Z^j^ bL ~ ^ ('^' Z^' '^/^) ~ '^ (c/^) ^ ~ (^-S- and in mean {II 



for some non-random function (p-^ : [1, oo) -^ M. 

1.3.2 Free energy in a pair of neighboring blocks 

Let DOM = {(a, 6): a > 1 + b,b > 0}. For (a, 6) G DOM, let WaL,bL be the set of aL-step 
directed self-avoiding paths starting at (0,0), ending at {bL,L), whose vertical displacement 
stays within (—L,L] (aL and bL are integers). The entropy per step of these paths is 

K{a,b)= lim — log |WaL,6Ll- (1-9) 

L^oo ClLi 




block of type k 



Figure 4: Two neighbouring blocks and a piece of the path. The block that is crossed is of type k, 
the block that appears as its neighbor is of type I. 

Explicit formulas for k and k are given in [4J, Section 2.1. These formulas are non-trivial 
in general, but can be used in some specific cases to perform exact computations. 

For k, I £ {A, B}, let ipki be the quenched free energy per step of the directed self-avoiding 
path in a /c/-block. Recall the Hamiltonian introduced in (jl.2p and for a > 2 define (see Figure 
SI 

ijjkiia, /3; a) = ipkiia) = lim —- log V] exp [ - H'^l ^(tt)] uj - a.s. and in mean. 

(1.10) 
As shown in [4j, Section 2.2, the limit exists and is non-random. For ipAA and V'ss explicit 
formulas are available, i.e., 



V'Ayl(a)/3; a) = '<^(0) 1) and iPbb{o:, (3;a) = K{a,l) + 



(3 — a 



(1.11) 



For ipAB and ipBA variational formulas are available involving </>-^ and k. To state these let, 
for a > 2, 

DOM(a) = {(6, c) G M^ : 0<b<l, c>b, a-c>2-b}. (1.12) 



Lemma 1.1 ([IJ, Lemma 2.2.2) 
For all a >2, 

ipBA{a) = sup 

(6,c)eDOM(a) 



c(j)^{c/b) + {a- c)[i(/3 -a) + K{a-c,l- b)] 



Moreover, ipAB is given by the same expression but without the term -^{[i — a). 



(1.13) 



Similarly, we define V^ba ^^ be the free energy per step of the paths in WaL,L that make an 
excursion into the A-block before crossing diagonally the i?-block, i.e.. 



V'BA(a) = sup 

(b,c)GDOM(a) 



ck{c/b) + (a — c)[i(/3 — a) + K{a — c, 1 — b)] 



(1.14) 



Since k < (j)-^, we have ipBB < ^'ba — i^BA, and these inequalities are strict in some cases. 
The relevant paths for (J1.131[TTT^ are drawn in Fig. [5l 
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Figure 5: Relevant paths for iIjba and ■0^^. 



Remark 1.2 (1) As noted in [6], the strict concavity of (a, 6) ^^ aK{a,b) and fi ^^ /"^(/i) 
together with the concavity of ;U i-^ jjcjy^dj) imply that both (I1.13P and (I1.14p have unique 
maximizers, which we denote by {b,c). 

(2) In [^, we conjectured that fi i-^ fKp (fj.) is strictly concave. We will need this strict 
concavity to prove the upper bound in Theorem 1 1 . 1 9 1 b elow . It implies that also a >-^ aipBAio) 
and a i— > a%l)AB{o) are strictly concave. 

(3) Since V'AA, '4'bb and iI^ba depend on a — /3 and a G [2, co) only, we will sometimes write 
iiAA {a- P;a), ipsB {a - P; a) and Vba {a- P;a). 

In [3], Proposition 2.4.1, conditions were given under which 6, c = or 7^ 0. Let 
G{fi, a) = K{a, l)+adiK{a, 1) + - d2K{a, 1) = ^ ( ^^—^) log ( -^) +i log[2(a-l)], (1.15) 
where 81,82 denote the partial derivatives w.r.t. the first and second argument of K{a,b) in 

dESD. 



Lemma 1.3 For a >2, 

ipABia) > ipAAia) 

i^BAi") > i^BB{a) 



sup {(t>'^{fi) - G{fi,a)} > 0, 

sup {k{fi) — ^{P — a) — G{fi, a)\ > 0. 
fj.>i 



(1.16) 



1.3.3 Free energy in the emulsion 

To define the quenched free energy per step of the copolymer, we put, for given cj, O and n, 






yUJ,Vl 

''n,Ln 






(1.17) 



As proved in [3], Theorem 1.3.1, 

lim f^'r = f(a,(3;p) uj^Q — a.s. and in mean, 



(1.18) 



where, due to (|1.4|) . the limit is self-averaging in both cv and 0,. Moreover, f{a,(3;p) can be 
expressed in terms of a variational formula involving the four free energies per pair of blocks 



defined in (jl.lOp and the frequencies at which the copolymer visits each of these pairs of blocks 
on the coarse-grained block scale. To state this variational formula, let TZ{p) be the set of 2 x 2 
matrices {pki)k,i&{A,B} describing the set of possible limiting frequencies at which kl-hlocks 
are visited (see [4j, Section 1.3). Let A be the set of 2 x 2 matrices {aki)k,i€{A,B} such that 
Ofci ^ 2 for all k, I £ {A, B}, describing the times spent by the copolymer in the ^/-blocks on 
time scale -L„. For (pki) G T^ip) and (ofc/) S .4, we set 



^((Pm)>(«h)) 



Ylkl Pkl^kl 



(1.19) 



Theorem 1.4 ([4J, Theorem 1.3.1) 
For all (a, /3) G M^ ^^^ ^ ^ (g, 1), 



f{a,f3;p)= sup sup V {{pki) , (aki)) . 



(1.20) 



The reason why the behavior of the copolymer changes drastically at p = pc comes from 
the structure of TZ{p) (see Fig. [8]). For p > pc, the set TZ{p) contains matrices (pki) satisfying 
PA = PAA + PAB = 1) i-e., the copolymer can spend all its time inside the infinite cluster of 
A-blocks. For p < p^, however, TZ{p) does not contain such matrices, and this causes that the 
copolymer has to cross i?-blocks with a positive frequency. In the present paper we focus on 
the case p < pc- 

1.4 Characterization of the four phases 

The four phases are characterized in Sections ll.4.11fT74.4[ This will involve four free energies 

fv, < fv, < fc, < fc, = /, (1.21) 

with the inequalities becoming strict successively. We will see that the phase diagram looks 
like Fig. [H Furthermore, we will see that the typical path behavior in the four phases looks 
like Fig. [71 
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Figure 6: Sketch of the phase diagram for p < pc 
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Figure 7: Behavior of tlie copolymer inside the four block pairs containing oil and water for each of 
the four phases. 



1.4.1 The Di-phase: ^-delocalization and S-delocalization 

A first region in which the free energy is analytic has been exhibited in [3]. This region 
corresponds to fuh delocalization into the A-blocks and i?-blocks, i.e., when the copolymer 
crosses an ^i?-block or a i?^-block it does not spend appreciable time near the ^i?-interface 
(see Fig. [7|. Consequently, in Vi the free energy depends on a — /3 and p only, since it can be 
expressed in terms of iI^aa and iI^bBi which are functions of a — /? (see Remark ll.2( 3)). 



Definition 1.5 For p < pc, 

Vi = {{a,P) eCONE: f{a,p;p) = fv,{a-P;p)} 
with 



fvi (a - /?; p) 



sup 



p* (p) X ipAA {x) + [i- p* (p)] y i)BB (y) 



(1.22) 



(1.23) 



p*{p)x + [l- p*{p)]y 
where p*{p) is the maximal frequency at which the A-blocks can be crossed, defined by (see 

p*{p)= max [pAA + PAs]- (1-24) 



The variational formula in (|1.23p was investigated in [3], Section 2.5, where it was found 
that the supremum is uniquely attained at (x, y) solving the equations 



= log 2 + p\og{x -2) + {l-p) log(y - 2), 

= («-/3) + log(?fc| 
\y[x-2) 



(1.25) 



With the help of the implicit function theorem it was further proven that fv^ is analytic on 
CONE. 



p*ip) 




Figure 8: Sketch oipi-^ P*{p)- 

The following criteria were derived to decide whether or not (a,/3) G T>i. The first is a 
condition in terms of block pair free energies, the second in terms of the single interface free 
energy. 

Proposition 1.6 ([4], Theorem 1.5.2) 

Vi = {(a,/5) GCONE: VBA(a,/5;|/) = i^BB{a - P;y)}, 
VI = {{a,p) ECONE: ijBA{a,P;y) > iJBB{a - f3;y)}. 

Corollary 1.7 ([4J, Proposition 2.4.1 and Section 4.2.2) 

Vi = {{a,P) G CONE: sup{(/>^(/i) - i(/3- a) - G(^,y)} < o|, 
^ M>i ^ 

VI = |(a,/3) G CONE: sup{(/>^(/i) - i(/3 - a) - G(^,y)} > o|. 

•- u>l J 



(1.26) 



(1.27) 



Corollary 11.71 expresses that leaving Vi is associated with a change in the optimal strategy 
of the copolymer inside the BA-hlocks. Namely, (a, (3) G V\ when it is favorable for the 
copolymer to make an excursion into the neighboring A-block before it diagonally crosses the 
-B-block. This change comes with a non-analyticity of the free energy. A first critical curve 
divides the phase space into Vi and VI (see Fig. [6]) . 



1.4.2 The D2-phase: ^-delocalization, B^-delocalization 

Starting from (a, (3) G Vi with /? < 0, we increase a until it becomes energetically advanta- 
geous for the copolymer to spend some time in the A-solvent when crossing a BA-hXock. It 
turns out that the copolymer does not localize along the i?A-interface, but rather crosses the 
interface to make a long excursion inside the A-block before returning to the B-block to cross 
it diagonally (see Fig. [7]) . 



Definition 1.8 For p < pc, 

V2 = {{a,(3) GCONE: fvM-P;P) < f{a,f3;p) = fv^i^ - P;p)} 
with 

PA X ipAA {x) + PBA y ipBA (v) + PBB Z ipBB {z) 



where pA = Pab + PAA- 



sup sup 

x>2,y>2,z>2 pen{p) 



PAX + PBA y + PBB Z 



(1.28) 



(1.29) 



10 



Note that fx>2 depends on a — /? and p only, since tpAA, ipBB and V'ba ^^^ functions of a — /3 
(see Remark 11.21 ^3)). Note also that, like (|1.23p . the variational formula in (jl.29p is explicit 
because we have an explicit expression for V'ba ^^^ P-14p and for k, and k via the formulas 
that are available from [4]. This allows us to give a characterization of P2 in terms of the 
block pair free energies and the single interface free energy. For this we need a result proven 
in Section [231 which states that, by the strict concavity of x 1— > xtpji^A(x), y \-^ yTp']^^{y) and 
z 1-^ zipBBiz), the maximizers {x,y,z) of (jl.29p are unique and do not depend on the choice 
of (pki) that achieves the maximum in ()1.20p . 



(1.30) 



(1.31) 



Proposition 1.9 

P2 = PJ n {(a,/3) G CONE: Vab(x) = i^AAix) and i^BAiV) = V'lyi(y)}, 
V^=ViU {{a,p) e CONE: Vab(x) > V'Aa(x) or tpBAiv) > i^BAiv)}- 

Corollary 1.10 

P2 = Pi n \{a,P) e CONE: sup {(/>^(/x) - G{fi,x)} < and (t>^{c/b) = k{c/b)V 

VI =Piu|(a,/5) G CONE: sup {(t)^{^l) - G{n,x)} > or(j)^{c/b) > k{c/b)], 
where (6, c) are the unique maximizers of the variational formula for ipBA^y) ^'^ (|l-14p . 

1.4.3 The £i-phase: j4-delocalization, i? ^-localization 

Starting from (a, /?) G 1)2, we increase (3 and enter into a third phase denoted by £1. This 
phase is characterized by a partial localization along the interface in the i? ^-blocks. The 
difference with the phase T>2 is that, in £1, the copolymer crosses the 5^-blocks by first 
sticking to the interface for awhile before crossing diagonally the i?-block, whereas in 2?2 the 
copolymer wanders for awhile inside the A-block before crossing diagonally the i?-block (see 
Fig. EI). This difference appears in the variational formula, because the free energy in the 
SA-block is given by ipBA in £1 instead of '4'ba ^^ -^2: 

Definition 1.11 For p < pc, 

£i = {(a,/5)GCONE: fv,{a - P;p) < f{a,P;p) = fcA^, P;p)} (1.32) 

with 

f ( a \ PAXljJAAix)+pBAyil^BA{y)+ PBBZll^BBiz) , . 

fcAoi,P;p)= sup sup ■ ■ . (1.33) 

x>2,y>2,z>2 {pki)enip) PAZ + Pbau + Pbb z 

Since the strict concavity of a; 1-^ xipBAix) has not been proven (recall Remark 11.2( 2)). 
the maximizers {x,y,'z) of ()1.33p are not known to be unique. However, the strict concavity 
of X I— > xiPaa{x) and z 1-^ ziPbb{z) ensure that at least x and z are unique. 

Proposition 1.12 

£i=PjnP^n{(a,/3)GCONE: V'AB (x) = Vaa (^) } , 
£5 = Pi UP2 U {(a,/3) G CONE: iIjab(x) > ipAA{x)}. 

11 



Corollary 1.13 

£i = Pi n P2 n I (a, (3) £ CONE : sup {0^(/i) - G{fj., x)} < o| , 

£■[ = Pi U P2 U I (a, /3) G CONE : sup {0^(/i) - G{fi, x)} > o| . 



(1.35) 



As asserted in Theorem II . 1 6 1 b elow . if we let (a, /5) run in P2 along a linear segment parallel 
to the first diagonal, then the free energy /(a,/5;p) remains constant until (a,/3) enters £1. 
In other words, if we pick (oq, /So) S P2 and consider for n > the point s„ = (oq + w, /3o + ^) , 
then the free energy f{su',p) remains equal to /(ao, (3o;p) until s^ exits P2 and enters £1. This 
passage from P2 to £1 comes with a non-analyticity of the free energy. This phase transition 
is represented by a second critical curve in the phase diagram (see Fig. [6]) . 

1.4.4 The £2-phase: AS- localization, i?A-localization 

The remaining phase is: 

Definition 1.14 For p < pc, 

£2 = {(a,/3) G CONE: fcM,P;p) < /(a,/3;p)}. (1.36) 

Starting from (a,/3) G £1, we increase /3 until it becomes energetically advantageous for 
the copolymer to localize at the interface in the Ai?-blocks as well. This new phase has both 
AB- and i?A-localization (see Fig. [7]). Unfortunately, we are not able to show non-analyticity 
at the crossover from £1 to £2 because, unlike in I?2; in £1 the free energy is not constant in 
one particular direction (and the argument we gave for the non-analyticity at the crossover 
from P2 to £1 is not valid here). Consequently, the phase transition between £1 and £2 is 
still a conjecture at this stage, but we strongly believe that a third critical curve indeed exists. 

1.5 Main results for the phase diagram 

In Section 11.41 we defined the four phases and obtained a characterization of them in terms 
of the block pair free energies and the single interface free energy at certain values of the 
maximizers in the associated variational formulas. The latter serve as the starting point for the 
analysis of the properties of the critical curves (Section ll.S.ip and the phases (Sections II. 5.21 - 

03]). 

1.5.1 Critical curves 

The first two theorems are dedicated to the critical curves between Vi and P21 respectively, 
between V2 and £1 (see Fig. [9]). 

Theorem 1.15 Let p < pc- 

(i) There exists an Q*{p) G (0,oo) such that (a*(p),0) G Vi and Vi C {{j3 + r, /3): r < 
a*(p), /?>-§}. 

(a) For all r G [0,a*(p)] there exists a j3l{r) > such that Vi n {(/3 + r,/?): /5 G M} is the 
linear segment 

J-; = {(/3 + r,/3): /? g [-§,/3i(r)]}. (1.37) 

12 
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Figure 9: Further details of tlie phase diagram for p < pc slcetched in Fig. [6l There are four phases, 
separated by three critical curves, meeting at two tricritical points. 

The free energy f{a,P;p) is constant on this segment. 

(Hi) r \-^ Plir) is continuous on [0,a*{p)]. 

(iv) Along the curve r G (0,a*(p)] i-^ {Pl{^) + f^Plir)) the two phases Vi and L\ touch each 

other, i.e., for all r G {0,a*{p)] there exists a Vr > such that 

{{P + r,P): Pe{Pl{r),Pl{r)+Vr]}c£i. (1.38) 

(v) Pl{r) > log(l + (1 - e-'^y/^) for all r G [0, a*{p)]. 

Theorem 1.16 Let p < pc. 

(i) For all r G {a*{p),oo) there exists a 0l{r) > such that P2 H {(/3 + r, /3) : /? G 
linear segment 

J,2 = {(/3 + ,.,/3): /3G[-§,/32(r)]}. 

The free energy f{a,l3;p) is constant on this segment, 
(a) r 1-^ Pcif) is lower semi- continuous on {a*{p), 00). 
(Hi) At a*{p) the following inequality holds: 

limsup/3^(r) < (3l{a*{p)). (1.40) 

rj,a*{p) 

(iv) There exists an r2 > ct*{p) such that along the interval {a*{p),r2] the two phases T>2 and 
C,\ touch each other, i.e., for all r G {a*{p),r2] there exists a Vr > such that 



is the 
(1.39) 



{(/3 + r,/3): P G [P!{r), (3^^{r) + Vr]} C Ci 
(v) I5l{r) > log(l + (1 - e-'^y/^) for all r G {a*{p),oo). 



(1.41) 



In [3] it was suggested that the tricritical point where Pi, T>2 and £1 meet lies on the 
horizontal axis. Thanks to Theorem II . IGf iii) and (v) we now know that it lies strictly above. 
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1.5.2 Infinite diff"erentiability of the free energy 

It was shown in [1], Lemma 2.5.1 and Proposition 4.2.2, tliat / is analytic on the interior of 
Di. We complement this result with the following. 

Theorem 1.17 Letp < pc- Then, under Assumption \A.3\ in Section [4:.3.1[ {a, (3) >-^ f{a,(3;p) 
is infinitely differentiable on the interior ofV2- 

Consequently, there are no phase transitions of finite order in the interior of 2?i and P2 • 

Assumption 14.31 in Section [4.3.11 concerns the first supremum in (jl.20p when (a,/3) G I?2- 
Namely, it requires that this supremum is uniquely taken at {pki) = (pliip)) with p\j^{p) + 
P*ABiP) ~ P*{p) given by (jl.24p and with p|j^(p) maximal subject to the latter equality. In 
view of Fig. [71 this is a resonable assumption indeed, because in D2 the copolymer will first 
try to maximize the fraction of time it spends crossing A-blocks, and then try to maximize 
the fraction of time it spends crossing i?-blocks that have an A-block as neighbor. 

We do not have a similar result for the interior of £1 and C2, simply because we have 
insufficient control of the free energy in these regions. Indeed, whereas the variational formulas 
(jl.23p and (jl.29p only involve the block free energies Vaa, '^bb and V'ba' ^^'^ which (jl.lip 
and (11.141) provide closed form expressions, the variational formula in (I1.33P also involves the 
block free energy ipBA^ for which no closed form expression is known because (J1.13p contains 
the single flat infinite interface free energy (jr. 

1.5.3 Order of the phase transitions 

Theorem 11.15( 11) states that, in 2?i, for all r G [0,a*(p)] the free energy / is constant on 
the linear segment J^, while Theorem 11.16( 1) states that, in P27 for all f G (ck*(p);C>o) the 
free energy / is constant on the linear segment j!^ . We denote these constants by /©^(r), 
respectively, fT>2i''^)- 

According to Theorems 11.15( 11) and 11.16( 111. the phase transition between 2?i and 1)2 
occurs along the linear segment J^^*(„\ with /?c(a*(p)) = Oi**{p) — ct*(,p)- This transition is of 
order smaller than or equal to 2. 

Theorem 1.18 There exists a c > such that, for 5 > small enough, 

c6^ < fv,{a*{p) + 5)-fvM*{p))-fvM*iP))5-\fvM*iP))^''- (1-42) 

According to Theorem II. 15( iv). the phase transition between 2?i and £1 occurs along the 
curve {(r + /3^(r), /3^(r)) : r € [0, a.*{p)]}. This transition is of order smaller than or equal to 
2 and strictly larger than 1. 

Theorem 1.19 For all r G [0,a*(j))) there exist c > and Q: [0,1] ^^ [0, 00) satisfying 
lim^io C{x) = such that, for (5 > small enough, 

cb" < fcAr + Pl{r) + 6,(3l{r) + 5)- fvM < C^- (1-43) 

According to Theorem I1.16( iv). the phase transition between T>2 and £1 occurs at least 
along the curve 

{{r + (5l{r),l3l{r)): r G [a*(p), a*(p) + ra]}. (1.44) 
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We are not able to determine the exact order of this phase transition, but we can prove that 
it is smaher than or equal to the order of the phase transition in the single interface model. 
The latter model was investigated (for a different but analogous Hamiltonian) in Giacomin 
and Toninelli [3], where it was proved that the phase transition is at least of second order. 
Numerical simulations suggest that the order is in fact higher than second order. In what 
follows we denote by 7 the order of the single interface transition. This means that there exist 
C2 > ci > and a slowly varying function L such that, for (5 > small enough, 

ci5^L{5) < <p^{f--r + (3l{r) + 5,f3l{r) + 5)- K(f^) < C2<5^L(5), (1.45) 

where {cr,hr) are the unique maximizers of (J1.14p at {r + j3l{r) , 0l{r);yr) and y^ is the second 
component of the unique maximizers of (jl.29p at (r + /3^(r),/5^(r)). 

Theorem 1.20 For all r G [a*{p)^a*{p) + r2) there exist c > such that, for 5 > small 
enough, 

cS^L{6) < fcAr + Pcir) + S, P!{r) + 6)- /^.(r). (1.46) 

We believe that the order of the phase transition along the critical curve separating T>i and 
T>2, ^1 and £1, and T>2 and £1 are, respectively, 2, 2 and 7. However, except for Theorem 
11.191 in which we give a partial upper bound, we have not been able to prove upper bounds 
in Theorems 11.181 and 11.201 due to a technical difficulty associated with the uniqueness of the 
maximizer (aki) in (jl.20p . 

1.6 Open problems 

The following problems are interesting to pursue (see Fig. [9l): 

(a) Prove that r i-^ Plif) is continuous on (a*(p),oo). Prove that r 1— > /3^(r) is strictly 
decreasing and r 1-^ 0l{r) is strictly increasing. 

(b) Show that the critical curve between 2?2 and Ci meets the critical curve between 2?i 
and 2?2 at the end of the linear segment, i.e., show that (ll.40p can be strengthened to 
an equality. 

(c) Establish the existence of the critical curve between Ci and £2- Prove that the free 
energy is infinitely differentiable on the interior of C\ and £2- 

(d) Show that the critical curve between 2?2 and £1 never crosses the critical curve between 
£1 and £2. 

(e) Show that the phase transitions between 2?i and £1 and between Vi and T)2 are of order 
2. 

1.7 Outline 

In Section [2] we derive some preparatory results concerning existence and uniqueness of max- 
imizers and inequalities between free energies. These will be used in Section [SHU to prove the 
claims made in Section [LlHl. 5 j respectively. 

The present paper concludes the analysis of the phase diagram started in [3| and continued 
in [6]. The results were announced in [5] without proof. 
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2 Preparations 

2.1 smoothness of k and k 

In this section, we recall some results from [3] concerning the entropies k, and k defined in 
([L9D and (fT3]l. 



Lemma 2.1 ([4], Lemma 2.1.2 and 2.1.1) 

(i) (a, h) 1-^ a«;(a, h) is continuous and strictly concave on DOM and analytic on the interior 

of DOM. 

(a) ji 1-^ l^k{jjL) is continuous and strictly concave on [1,cxd) and analytic on (l,oo). 

This allows to state the following properties of ■(/'fc/- 

Corollary 2.2 (i) For kl G {AA,BB}, {a,fi,a) i— > %l)].i[a,(3]a) is infinitely differentiahle on 

M? X (2,oo). 

(ii) For kl E {AA,BB} and (a,/3) S CONE, a i-^ ipkiict, f3]0-) is strictly concave on [2,oo). 

(Hi) For {a, (3) £ CONE, a i-^ ip'^j^{a,l3;a) is strictly concave [2,c>o). 

Proof. Lemma [2. II and formulas 11.111 imply immediately (i) and (ii). Lemma [2 . 1 1 implies also 
that for all a > 2, (c, b) h^ CK{c/h) and (c, h) ^^ [a — c)K,{a — c,l — b) are strictly concave. The 
latter, together with formula ()1.14p are sufficient to obtain (iii). D 



2.2 Smoothness of 0^ and ^|Jkl 

In this section, we recall from [6j some key properties concerning the single interface free 
energy and the block pair free energies. 

Lemma 2.3 (i) {a, 13,^) i-^ 4>'^{a,(i; ^) is continuous on CONE x [l,oo). 

(ii) For all k,l £ {A,B}, {a,(3;a) i— > ipkiiajP-jo) is continuous on CONE x [2,oo). 

Proof. To prove (i) it suffices to check that jj, i— > (ly^{a, /5; fi) is continuous on [1, oo) and that 
there exists a K > such that (a,/3) t-^ (j)-^ {a, /3; iJ,) is iC-Lipshitz for all // G [l,oo). These 
two properties are obtained by using, respectively, the concavity of // i— > iJ,(jy^{a, (5; fi) and the 
expression of the Hamiltonian in (II. 6p . The proof of (ii) is the same. D 

Other important results, proven in [6], are stated below. They concern the asymptotic behav- 
ior of ipki, (jP' and some of their partial derivatives as ^ and a tend to oo. 

Lemma 2.4 (^, Lemma 2.4.1) For any /?o > 0, uniformly in a > P and (3 < Po, 

(i) hm^^oo </>^(a, /?; fJ-) = 0, 

(ii) for kl G {AB, BA}, lim^^oo Tpki{a, /?; a) = 0. 

Lemma 2.5 ([6j, Lemma 5.4.3) Fix {a, (3) £ CONE. 

(i) For all k, I G {A, B} with kl ^ BB, linia^oo oV'A;/(o) = oo. 

(ii) Let fC be a bounded subset o/CONE. For all k,l £ {A,B}, linia^oo d[aipki{o, P; a)]/ da < 

uniformly in (q,/3) £ K.. 
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Proof. Only the uniformity in {a, (3) G /C in (ii) was not proven in [6]. This is obtained 
as follows. Let m be the minimum of 2'ipkiicx, f3;2) on /C. By Lemma l2.4r ii). for all e > 
there exists an oq > 2 such that ipki{o, P'iCl) < e for all (a, /9) G /C and a > uq. Moreover, 
by concavity, the derivative of a i— > atpkiio, I3',a) is decreasing and, consequently, ae — m > 
(a — 2)daipki{oi^ l3] o) for a > ag. This implies that 

OaiPki{a,P;a) < TT = -^ 771-, a>ao. (2.1) 

a — 2 1 — 2/a 

D 



2.3 Maximizers for the free energy: existence and uniqueness 

Up to now we have stated the existence and uniqueness of the maximizers of the variational 
formula (jl.20p only in some particular cases. In Di we recalled the result of |3], stating the 
uniqueness of the maximizers (x , y) in the variational formula (|1.23p , while in 2?2 we announced 
the uniqueness of the maximizers {x, y, z) in the variational formula (|1.29[) . 
For (a,/3) G CONE, p G (0, 1) and {pki) G TZ{p), let (recah (frT9|) ) 

fa,i3,{pki)= sup V{{pkl),{aki)), 



(2.2) 



Ja,l3,{pki) = {{akl)kleOp e -4: fa,P,(pki) - ^{{Pkl), {o-kl))}, 
'Pa,f3,p= U O(p,,0- 

Lemma 2.6 For every {a, (3) G CONE, p G (0, 1) and (pki) G TZ{p), the set Ja,p,(pki) ^-^ non- 
empty. Moreover, for all kl G 0(pj.,) such that x i-^ x'4)ki{x) is strictly concave, there exists a 

unique aj^^'' > 2 such that aki = aj^i' for all [aki] G Ja,f3,{p^i)- 

Proof. The proof that Ja,i3,{pf,i) 7^ is given in [6], Proposition 5.5.1. If [aki) S J'a,/3,{pi.i), 
then differentiation gives 

d[xipki{x)] ^ . , . 

0^ [aki) = Ja,(5,{pu), \^-^) 

which implies the uniqueness of a^i as soon as x i-^ xipki{x) is strictly concave. D 

Remark 2.7 Note that (12. 3p ought really to be written as 

d~[xil)ki{x)]{aki) < fa,f3,{pki) < d'^[xipki{x)]{aki), (2.4) 

where d~ and d^ denote the left- and right-derivative. Indeed, for kl G {AB, BA} we do not 
know whether x >-^ x'ipklix) is differentiable or not. However, we know that these functions 
are concave, which is sufficient to ensure the existence of the left- and right-derivative. We 
will continue this abuse of notation in what follows. 
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Proposition 2.8 For every {a, (3) G CONE and p G (0, 1), the setTZ^g is non-empty. More- 
over, for all kl G 'Pa,f3,p such that x >-^ x^kl{x]a^l3) is strictly concave, there exists a unique 
aki{a,l3) > 2 such that a]^/ = aki{a,j3) for all (pki) G '^L,i3,p- 

Proof. We begin with the proof of 7^^ 0n ^ ^- ^^^ iP^) — (Pki) denote the 2x2 matrix with 

Pbb = 1 and p|^ = pfs = p^^ = 0. 

Case 1 : sup^>2^bb(x) > 0. 

Since TZ{p) is a compact set, the continuity of (pki) "-^ fa,i3,{pki) i^pli^s that "7^^ «„ 7^ 0- To 

prove this continuity, we note that, since ipki > fpBB for all k, I G {A, B}, fa^p^pu) ^^ bounded 

from below by sup^.>2 ^bb(x) > uniformly in {pki) G 'R-{p). This is sufficient to mimick 

the proof of [6j, Proposition 5.5. l(i), which shows that there exists a R > such that, for all 

(Pki) G nip), 

fa,i3,{pki)= sup V{{pki),{aki)). (2.5) 

This in turn is sufficient to obtain the continuity of {pki) ^^ fa^pAp^A- 

Case 2 : sup^>2^bb(x) < 0. 

Since p > by assumption, we can exclude the case TZij)) = {p'^}, and therefore we may 
assume that lZ{p) contains at least one element different from {p^). Clearly, fa,i3,{pB) < 0, 
and for any sequence {{pn))n>i in ^{p) that converges to (p^) it can be shown that 

limsup/„^^^(p^) < 0. (2.6) 



As asserted in Lemma l2.5r i). for kl ^ BB we have \iTa.x^ooXipki{x) = 00 and this, together 
with (|1.19HTT2n|) . forces f{a,(3) > 0. Therefore, (|2.6|) is sufficient to assert that there exists 
an open neighborhood W of (p^) such that fa,i3,{pki) ^ /(q^)/3;p)/2 when (pki) G W, and then 

f{a,p;p)= sup fa,(i,iPki)- (2-7) 

{Pki)'^nip)uw'= 

Finally, fa^pAp^A is bounded from below by a strictly positive constant uniformly in {pki) G 
TZ{p) U W^. Hence, by mimicking the proof of Case 1, we obtain that {pki) ^^ fa,(5,{py,i) is 
continuous on the compact set W^ U TZ{p). To complete the proof, we note that, since 

(Pl),(P2) G 7^^,/3,p =^ fa,l3,{pi) = fa,l3,{p2)^ (2-8) 

(I23D implies that 4f^ = 4f\ D 

Proposition 12.81 gives us the uniqueness of OAAio, (3) and aBB{ce,(3) for all {a, 13) G CONE. 
In the following proposition we prove that these functions are continuous in (a, /?). 

Proposition 2.9 {a, (3) i-^ aAAi(^,(3) and {a, (3) i-^ aBB{o-^(3) are continuous on CONE. 

Proof. Let kl G {AA,BB}. By Proposition 12.81 aki{a,P) is the unique solution of the 
equation ^[x^pkl{cl, f3; x)]/dx = f{a,P;p). As proved in Case 2 of Proposition 12.81 we have 
f{a,f3;p) > 0. Moreover, with the help [4J, Lemma 2.2.1, which gives the explicit value of 
k{x,1), we can easily show that liinsupx_,^d[xipki{cx, [3]x)]/dx < uniformly in (a,/3) G 
CONE. This, together with (j2.3p and the fact that /(a, /3) is bounded when (a, /?) is bounded, 
is sufficient to assert that aki{a, f3) is bounded in the neighborhood of any {a,f3) G CONE. 
Therefore, by the continuity of {a,f3) i— > /(a,/3) and (a,/3, x) i-^ xjpki{a, (3;x) and by the 
uniqueness of aki{a,(3) for all (a,/3) G CONE, we obtain that (a,/3) i— > aki{a,P) is continuous. 

D 
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2.4 Inequalities between free energies 

Abbreviate T = {AA, AB, BA, BB} and let 

I = \ {Pki)kier ■ y^, Pki = '^^ Pki > ^^ kl ^ T ) . (2.C 



: ^ Pfci = 1, Pm > V A;/ e J^ I . 
kieT ) 



For kl G ^, let x i-^ xC,ki{x) and x i-^ xQj^i^x) be concave on [2,cxd), Cm be differentiable on 
(2,oo), and Cm > Cfci- For {pki) S 7^(p) and {xki) G ^, put 

/(P,0((-H)) = ^^^f^^^^^^^^^^^ and 7(,,,)((xh)) = ^^|^^^^^^^^^^ (2.10) 
22kie:F PkiXki ^'^"' Eki&^PkiXki 



and 



/= sup sup f(p^i){{xki)) and /= sup sup f [p^i){{xki))- (2.11) 



Lemma 2.10 Assume that there exist (pki) G ^(p) Hi and (x^;) G (2,oo) that maximize 
the first variational formula in (12. lip . T/ien i/ie following are equivalent: 

(t)l> f; 

(a) there exists a kl £ J^ such that Qkii^ki) > Cki{xki)- 

Proof. This proposition is a generalization of ^, Proposition 4.2.2. It is obvious that (ii) 
implies (i). Therefore it will be enough to prove that f = f when (ii) fails. Trivially, f > f ■ 
Abbreviate Bki{x) = xCki{x) and 'Oki{x) = xCki{x). If (ii) fails_^ then 9ki{xki) = Okiixki) 
for all kl S J^. Since, by assumption, 9ki is differentiable, 9ki and 9ki are concave and 9ki > 
9ki, it follows that 9ki is differentiable at Xki with {9kiy{xki) = {9ki)'{xki)- The fact that 
{pki) G T^ijp) n / and {xki) G (2, oo) maximize the first variational formula in ()2.10p implies, 
by differentiation of the l.h.s. of (j2.10p w.r.t. Xki at {{pki), (xki)), that {9ki)'{xki) = / for all 
kl G F. Therefore {9ki)'{xki) = f for all kl G F. Now pick {pki) G T^ip), (xki) G A, and put 
^ = Y.kieJ'Pkfikiixki), V = J2kier PkiXki- Since 9ki is concave, we can write 

-7 u .. ^ + Y.kl&r Pki i^kljXkl) - 9kl{xkl)) ^ N + f Y^kldT Pki JXkl - Xkl) , . 

hpki)yy^kl)) = TTT^^ ? ^^~\ - T/ I v^ 1 ^^T- '^ '' 

^ ' y + Inkier Pki [Xkl - Xkl) V + l^kieJ' Pki (Xkl - Xki) 

But N/V = f{p^i){{xki)) < /, and therefore (|2.12p becomes f{p,^i){{xki)) < f, which, after 
taking the supremum over (pki) £ TZCl I and (xki) G .4, gives us / < /. D 



3 Characterization of the four phases 

3.1 Proof of Proposition 11.91 

Proof. Recall that {x, y, z) is the unique maximizer of the variational formula in (J1.29P at 
{a,(3;p). By (|1.22p . / = fx>i if (a, /3) G Vi and / > /-p^ otherwise, and therefore Proposition 
11.91 will be proven if we can show that 

il^ABix) = tpAA{x) and ipBAiv) = i^BAiv) =^ f = fv2, , . 

i^AB{x) > tpAA{x) or lpBA{y) > i^BAiy) =^ f > hi- 

But this follows by applying Lemma [2.101 with Qki = Cki — '4'ki for kl G {AA,BB}, Qbb = 

Ibb = i^BB, Cab = il'AA, Cab = '4'ab, Cba = iPba and Cba = i'BA- □ 
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3.2 Proof of Corollary [TTOl 

Proof. By Lemma [L3l tpAsi'^) > i^AA{x) if and only if sup^>;^ {(/)-^(/x) — G(/U,x)} > 0, with 
G{fj,,x) defined in (11.151) . Combine this with Lemma l3.ll below at y. D 

Lemma 3.1 For all y > 2, TpBAiv) > '^ba^v) ^/ '^'^^ ^^^^2/ of (j) {c/h) > k{c/b) with {b,c) the 
unique maximizer of the variational formula ()1.14p for '0BA(y)- 

Proof. If (jy^{c/b) > k{c/b), then clearly tl^BAiv) > "^BAiv)- Thus, it suffices to assume that 
ipBA{y) > i^BA^y) ^'^'i 'P^i'^/i') — ii{c/b) and show that this leads to a contradiction. For 
(6, c) G DOM(y), let 

T{b,c) = c4>^{c/b) + {y- c){K{y - c, 1 - 5) + i(/3 - q)}, 
T^{b,c) = ck{c/b) + {y- c){K{y - c,l - b) + \{(i - a)]. 

By definition, the unique maximizer of T" on DOM(y) is (6, c). Moreover, (jy^{c/b) = k{c/b) 
implies that T(6, c) = T'^{b, c). However, tpBAiv) > i^BA^v) implies that there exists a (6', c') E 
D0M(2;) such that T{b',c') > T(b,c). Now put 

C : t^ (b,c) + t{b' - b, c' -c). (3.3) 

Since (b,c) >-^ T'^{b,c) is differentiable and concave on DOM(y) (recall that k and k are 
differentiable) , also t i— > T''(C(i)) is differentiable and concave, and reaches its maximum at 
t = 0. Moreover, t ^ T{({t)) is concave and, since r(C(-)) > T^iCi.-)) and r(C(0)) = T^(C(0)), 
it follows that t i-^ T{(^{t)) is differentiable at t = with zero derivative. It therefore is 
impossible that r(C(l)) > T(C(0)). D 



3.3 Proof of Proposition fTTT2] 

Proof. Recall that (x, y, z) is the unique maximizer of the variational formula in ()1.33p at 
(a,/3;p). By (fr22|) and (fLlSD . / > /©^ if (a,/?) G Pf n P^ and / = fj,., otherwise. To prove 
Proposition 11.121 we must show that 

iPab{x) = iJAA{x) =^ f = fCi, , . 

i^ABix) > ^pAA{x) =^ f > fCi- 

But this follows by applying Lemma 12.101 with (^^i = C,^i = ipj^i for kl G {AA,BB,BA}^ 

Cab = i/JAA and Cab = V'ab- □ 



3.4 Proof of Corollary [TTB] 

Proof. This follows by applying Lemma 11.31 to ipABi^)- □ 
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4 Proof of the main results for the phase diagram 

4.1 Proof of Theorem 11.151 

In what follows, we abbreviate a* = a*{p) and p* = p*{p). We recall the following. 

Proposition 4.1 ([3], Proposition 2.5.1) 

Let {a,P) G CONE and p G (0, 1). Abbreviate C = a — f3 > 0. The variational formula in 

(jl.23p has unique maximizers x = x{C,p) and y = y{C,p) satisfying: 

(i) 2 < y < a* < X < oo when C > and x = y = a* when C = 0. 

(a) u{x) > v{y) when C > and u{x) = v{y) when C = 0. 

(Hi) p H^ x{C,p) and p i— > y[C,p) are analytic and strictly decreasing on (0, 1) for all C > 0. 

(iv) C H^ x{C,p) and C >-^ y{C,p) are analytic and strictly increasing, respectively, strictly 

decreasing on (0, cxd) for all p G (0, 1). 

We are now ready to give the proof of Theorem 11.151 

Proof, (i) Let {x,y) be the maximizer of the variational formula in (|1.23p at (a,/3). Recall 
the criterion (|1.7|) . i.e., 

{a,(3)£Vl if and only if sup |(/)^(a,/3;/i) + i(a - /3) - G(^,y)| > 0. (4.1) 

^J.>l •- J 

Since (j)-^{a,0;p) = k{p) for all a > and p > 1, the r.h.s. in (j4.1|) can be replaced, when 
/? = 0, by 

snp\k{p) + -a-G{p,y)}>0. (4.2) 

Ai>i ^ ^ J 

Since, by Proposition 14. 1^ y depends on C = a — (3 only, the same is true for the l.h.s. in 
(j4.2p . Moreover, as shown in [3], Proposition 4.2.3(iii), the l.h.s. of (j4.2p is strictly negative 
at C = 0, strictly increasing in C on [0, oo), and tends to infinity as C — > oo. Therefore there 
exists an a* G (0, oo) such that the l.h.s. in (|4.2p is strictly positive if and only if a — /3 > a*. 
This implies that (a*,0) G Pi and, since (p^ {a, P; p) > k{p) for all (a,/?) G M^ and /x > 1, it 
also implies that {j3 + r, (3) G Pf when r > a* and /?>—§. 

(ii) The existence of Pl{r) is proven in [3], Theorem 1.5.3(ii). Consequently, the segment 
J'j^ = {(/9 + r, /3): /3 G [—§,/?£ ('')]} i^ included in Pi. This means that f{a,[3]p) is constant 
and equal to /■Pi(r) on J^. 

(iii) The continuity of r i— > /3^(r) is proven in [4j, Theorem 1.5.3(ii). 

(iv) Let r < a* and, for u > let Su = (r + /3^(r) +n, /3^(r) + u). By the definition of /?^(r), we 
know that Su G 2?f and therefore that f{su',p) > /x'i(su). Moreover, since f-D^ depends only 
on a — /?, f{su',p) cannot be equal to fv2{s^;p), otherwise / would be constant on J'gi^^,^ 
(which would contradict the definition of /3^(r)). Thus, denoting by (x^j, y„, 2^) any maximizer 
of (|1.33p at Su (recall that x„ is unique by Proposition 12. Sp . if we prove that there exists a 
V > such that ipAsisu^Xu) = iPaa{su,Xu) when u G (0, f], then Proposition 11.121 implies 
that f{su',p) = fci{su\p). Since sq G Pi, we know from [3], Proposition 4.2. 3(i), that 

sup{(^^(/i;so)-G(M,xo)} <0. (4.3) 
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It follows from [6], Lemma 2.4.1, that (j) {fi;Su) ^ as /x — > oo uniformly in u E [0,1] 
on the linear segment {su'- u E [0,1]}- Moreover, Proposition 12.91 implies that u *-^ Xu 
is continuous and Proposition I4.1( i) that x^ > a* = 5/2 for all u E [0,1]. Then, since 
G{fj,,Xu) > l/4:log\xu/(xu — 2)], we can assert that there exists an i? > and a ^uq > 1 
such that sup„>„p{(/)'^(/x; Su) — G{fi,Xu)} < —R for all u E [0,1]. Moreover, by Lemma 
I2.3l fi) and by (jl.lSp we know that (/u,u) i-^ (j)^{^;su) — G{jjl,Xu) is continuous and strictly 
negative on the set [1,/xo] x {0}. Therefore we can choose u > small enough so that 
sup^g[i,/.o]i'^^(/^;*") ~ G{^i,Xu)] < for u E [0,t;]. 

(v) For r > 0, let 7^ = {(/3 + r,/3): /5 E [— |,log(l + -v/l — e~'')]}. By an annealed computation 
we can prove that, for all r > 0, (a,/3) E % implies (/)-^{a, f3; i^i) = k{p) for all /i > 1. 
Consequently, the criterion given in Corollarv 11.71 (for (a,/?) E Pf) reduces to sup^>x{k(;u) + 
I — G{fi,y)} > 0. By definition of a*, this criterion is not satisfied when r < a* , and therefore 
%(ZVi. Hence, Pl{r) > log(l + Vl-e"''). D 

4.2 Proof of Theorem [TTT^ 



Below we suppress the p-dependence of the free energy to ease the notation. 
Proof, (i) From Theorem lLlST i) we know that /(/3+r, f3) > fx>-^ {r) when r > a* and /?>—§. 
Hence we must show that for all r E (a*, oo) there exists a /3^(r) such that f{j3 + r,l3) = fv2{f) 
when j3 E [— §,/3c(^)] and /(/3 + r, /3) > fv2{i") when /3 > /3^(r). This is done as follows. 
Since (jy^^P + r, f3; fi) = k{ij) for all /i > 1 and — r/2 < /? < 0, we have iPab{P + r,f3;a) = 
'^aa{(3 + ^'j /3; a) and iPba{(3 + ^i /3; a) = i^BA^f^ + '"i /^i ^) ^^^ ^^^ a > 2. Therfore Proposition 
[LQl implies /(/3 + r,/3) = /©^(r) for all -r/2 < /3 < 0. Moreover, (3 ^^ f{(3 + r,/?) is 
convex and therefore the proof will be complete once we show that there exists a /3 > such 
that /(/? + r, /3) > /D2(f). To prove the latter, we recall Corollarv 11.101 which asserts that 
{P + r, /?) E 1^2 ™ particular when 

sup\<P^{fi)-G{fi,x)}>0, (4.4) 

where {x,y,'z) is the maximizer of ()1.29p at (/3 + r, /?), which depends on r only. It was shown 
in [4], Equation (4.1.17), that (j)^{a^(5; |) > ^. Therefore, for r > a* and /3 large enough, the 
criterion in (j4.4p is satisfied at (/3 + r, /3) . Finally, since /dj is a function of a — /3 and p and 
since /(a,/3;p) = fv2{<^ ~ P]P) for all (a, /3) E ^7^^, it follows that the free energy is constant 
on J^. 



(ii) To prove that r i-^ P^ir) is lower semi-continuous, we must show that for all x E (a*, co) 

limsup/?^2(r) < /32(x). (4.5) 



Set / = limsupj.^^ /3^(^)- Then there exists a sequence (r„) with lim„^oo ?'n = x and 
lim„^oo /3c(^n) = I- We note that (a,/?) i-^ f{a,P) and (a,/?) i-^ fv2{'^ ~ P) are both 
convex and therefore are both continuous. Effectively, as in (J1.17p . fT>2 can be written as 
the free energy associated with the Hamiltonian in (II. 2p and with an appropriate restriction 
on the set of paths Wn,L„, which implies its convexity. By the definition of 0l{rn), we can 
assert that / — /©j = on the linear segment j!^ for all n. Thus, by the continuity of 
(a, /9) ^^ if — fT>2){cx,P) and by the convergence of r„ to x, we can assert that / — fx>2 = 
on {{P + x,l3): — ^ < P <l}, which imphes that / < P^ix) by the definition of Pl{x). 
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(iii) Set / = limsupr^Q,. 0l{r). In the same spirit as the proof of (ii), since f — fv2 is continuous 
and equal to on every segment J'^, it must be that / is constant and equal to fv2{'^*) on 
the segment {{(3 + a*,/3): - ^ < P < I}. This, by the definition of Pl{a*), implies that 
l<Pl{a*). 

(iv) We will prove that there exist r2 > a* and r] > such that, for all r £ (a*,r2) and all 
ue [0,rj], 

sup{(t>^{r + p^,{r) + u,PJ{r) + u;fi)-G{fi,Xr,u)} < 0, (4.6) 

where Xr,u is the first coordinate of the maximizer of (I1.33P at (r + /S^ (r) + u, 0l{r) + u). This 
is sufficient to yield the claim, because by Corollarv 11.131 it means that fcx = /• 

By using (iii), as well as (v) below, we have 

< liminf /32(r) < limsup/?,^(r) < /^^(a*), (4.7) 

r-ia* ria" 

and hence for all e > there exists a r^ > a* such that, for a* < r < r^, 

^<l3l{r)<l3l{a*)+e. (4.8) 

Next, we define the function 

L: (a, /3; /i) G CONE X [l,oo) H^ 0^(a, /?;//)- G(/x,Xo,/3), (4.9) 

where Xa,i3 is the first coordinate of the maximizer of (11.330 at (a,/?), and we set 

F: (a,/3) G CONEh^ supL(a,/3;/i). (4.10) 

We will show that there exist ri > a* and f > such that F{a, (3) is non-positive on 
the set {(r + u,u): re [a*,ri],u G [0,Pl{a*) + v]}. Thus, choosing e = | in (fi^ . and 
r2 = min{r„/2)'^i} and r/ = | in (j4.6p . we complete the proof. 

In what follows we abbreviate P* = /3^(a*), Ii = [a*, a* + 1] and I2 = [0,/3* + 1]. Since 
(a* + /3*,/3*) G Pi, we know from [i]. Proposition 4.2. 3(i), that F{a*+P*,(3*) < 0. Moreover, 
Xa*+u,u is equal to ^q-*+/3*,/3* for u < [3* and, by convexity, u 1— > cjy^^a* + u,u;fi) is non- 
decreasing for all /i > 1. This implies that F(a* + u, n) < F(a* -|- (3* , (3*) for aU u G [0, /3*]. 
Then, mimicking the proof of Theorem ll.lSl fiv). we use Lemma 12.41 which tells us that 
(f>-^{a + (3, /3; /i) ^ as ^ — > 00 uniformly in (a, /5) G /i x /2. Moreover, Proposition 12.91 implies 
that (a,/3) 1-^ Xa+i3,f3 is continuous and, since G{iJ,,x) > l/41og[x/(x — 2)] for x > 2, we have 
that there exist R > and /xq > 1 such that, for all (a, /?) G Ii x I2, 

sup {0^(a + P, P; n) - G{n, Xa+i3,p)} < -R- (4.11) 

M>MO 

Note that, by (jl.lSp and Lemma I2.3l fi). the function L defined in (j4.9p is continuous on 
CONE X [1,00). Moreover, L{a* + u,u; p) < F{a* +/3*,/3*) < for ah ;^ > 1 and u G [0,/3*]. 
Therefore, by the continuity of L, we can choose Ri > 0, r2 > a* and v > small enough 
such that 

sup L{a + p, P; fi) < -Ri (4.12) 

M<MO 

for a G [a*,r2] and P G [0, P* + v]. 
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(v) For r > 0, let 

% = {{P + r,(3): Pg [-§,log(l + (l-e-'-)5)]}. (4.13) 

By an annealed computation we can show that, for all r > 0, (a, l3) (^ %■ implies (p'^ia, /3; /i) = 
k{jj) for all // > 1. Moreover, cfp- = k implies ijjab = '^AA- Therefore, for r > a* , using the 
criterion (jl.30p . we obtain that 7^ C I?2, because none of the conditions for {a, 13) to belong 
to VI n V^ are satisfied in %. Hence (5l{r) > log(l + Vl - e-''). D 

4.3 Proof of Theorem fTlTl 

In this section we give a sketch of the proof of the infinite differentiability of (a, /3) i— > /(a, /3; p) 
on the interior of P2- For that, we mimick the proof of [6], Theorem 1.4.3, which states that, 
in the supercritical regime p > pc, the free energy is infinitely differentiable throughout the 
localized phase. The details of the proof are very similar, which is why we omit the details. 

It was explained in Section [1.4.21 that, throughout 1)2, all the quantities involved in the 
variational formula in (jl.29p depend on (a, /3) only through the difference r = a—f3. Therefore, 
it suffices to show that r 1— > /-pj (r) (defined at the beginning of Section I1.5.3P is infinitely 
differentiable on (a*(p),oo). 

4.3.1 Smoothness of V'ba ^^ i^s locahzed phase 

This section is the counterpart of [6], Section 5.4. Let 

C^a = {(r, a) E (a*, 00) x [2, 00) : Vb^(^; a) > ^pBB{r; a)}, (4.14) 

where iPbb{i'] cl) = '^(O) 1) ~ § (recall (jl.lip ). Our main result in this section is the following. 

Proposition 4.2 (a,/3,a) 1-^ '0^^(a,/3;a) is infinitely differentiable on C^k. 

Proof. Let int[DOM(a)] be the interior of DOM(a). The proof of the infinite differentiability 

of il^AB on the set 

{(a,/3,a) G CONE X [2,00): ^^^(a,/?; a) > i log |}, (4.15) 

which was introduced in [6|, Section 5.4.1, can be readily extended after replacing ipAB and cfP' 
on their domains of definition by i/^^^ on C^k, respectively, k on int[DOM(a)]. For this reason, 
we will only repeat the main steps of the proof and refer to [6j, Section 5.4.1, for details. 

We begin with some elementary observations. Fix r G (a*,cxD), and recall that the 
supremum of the variational formula in ()1.13p is attained at a unique pair {c{r,a),h{r,a)) € 
int[DOM(a)]. Let 

F{c,h)=ck{c/h), F(c,5) = (a-c)[K(a-c,l-6)-§], (4.16) 

and denote by Fc,Ff),Fcc,Fcb,F{jiy the partial derivatives of order 1 and 2 of -F w.r.t. the 
variables c and b (and similarly for F). 

We need to show that (c(r, a), 6(r, a)) is infinitely differentiable w.r.t. {r,a). To do so, we 
use the implicit function theorem. Define 

7^ = { (r, a, c, b) : (r, a) G C^k , (c, b) G int[DOM(a)] } (4.17) 
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and 

Ti : (r, a, c, 6) G 7^ ^ (F^ + F^, Fb + Ffe). (4.18) 

Let Ji be the Jacobian determinant of Ti as a function of (c, b). Applying the imphcit function 
theorem to Ti requires checking three properties: 

(i) Ti is infinitely differentiable on TZ. 

(ii) For all (r, a) G C^i^, the pair {c{r,a),b{r,a)) is the only pair in int[DOM(a)] satisfying 
Ti = 0. 

(iii) For all {r,a) G C^k, Ji ^ at {c{r,a),b(r,a)). 

Lemma |2 . 1 1 implies that F and F are strictly concave on DOM(a) and infinitely differentiable 
on int[DOM(a)], which is sufficient to prove (i) and (ii). It remains to compute the Jacobian 
determinant Ji and prove that it is non-null. This computation is written out in [B], Section 
5.4.1, and shows that Ji is non-null when FccFbb ~ ^cb ^ ^- This last inequality is checked in 
[6], Lemma 5.4.2. D 

The next step requires an assumption on the set Tl{p). Recall that 7^^ ^ , which is defined 
in (j2.2p . is the subset of TZ{p) containing the maximizers (pki) of the variational formula in 
(jl.20p . Consider the triple ip*{p), p*BAiP)^ P*BBiP))^ where p*{p) is defined in (11.24p . and 

P*BAip) = max{/9BA : (Pkl) G ^(p) and pAA + PAB = P*ip)}, ,^ ^^. 

Pbb (p) = 1 - P* {P) - Pbb ip) ■ 

Assumption 4.3 For all (a,/3) G V2, {p*{p), P*BAiP)^ Pssip)) ^ ^i/3,p- 

This assumption is reasonable, because in P2 (recall Fig. [Tj) we expect that the copolymer first 
tries to maximize the fraction of time it spends crossing ^-blocks, and then tries to maximize 
the fraction of time it spends crossing i?-blocks that have an A-block as neighbor. 

4.3.2 Smoothness of / on C 

By Proposition 12.81 we know that, for all r G {a*{p), 00), the maximizers x{r),y(r),z(r) of 
the variational formula in ()1.29p are unique. By ()1.20p and Assumption 14.31 we have that 

fViir) =V{{pli{p)),{x{r),y{r),z{r))) = V{p* ,x{r),y{r),z{r)) 

^ P* x{r) ^pAA{x{r)) + p|^^ y{r) ^|^(l/(r)) + p%^ z{r) ^pBBizir)) (4.20) 

p*x{r) +p|j^y(r) +p|j^2;(r) 

where we suppress the p-dependence and simplify the notation. 

Since r G (a*, 00), Propositions 11.61 and 11.9] implv that {r,y{r)) G C^a. Hence, by 
Proposition 14.21 Corollarv 12.21 and the variational formula in (j4.20p . it suffices to prove that 
r 1-^ {x{r),y{r),z{r)) is infinitely differentiable on (a*, 00) to conclude that r 1-^ /x'2(^) is 
infinitely differentiable on (a*, 00). To this end, we again use the implicit function theorem, 
and define 

Ar={{r,x,y,z): x > 2,z > 2,{r,y) e C^,} (4.21) 
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and 

( dV dV dV \ 

T2 : (r, x,y,z) eN ^ ( —{p*,x, y, z), —{p*,x, y, z), —{p*,x, y,z)\. (4.22) 

Let J2 be the Jacobian determinant of T2 as a function of {x,y,z). To apply the imphcit 
function theorem, we must check three properties: 

(i) T2 is infinitely differentiable on J\f . 

(ii) For all r G (a*,cxD), the triple (x(r),y(r), z(r)) is the only triple in [2, 00)^ satisfying 
(r, x(r), y{r), z{r)) e M and T2(r, x{r),y{r), z{r)) = 0. 

(iii) For all r > a*, J2 7^ at {r,x{r),y(r), z(r)). 

Proposition 14.21 and Corollary I2.2( i) imply that (i) is satisfied. By Corollary I2.2( ii-iii). we 
know that a 1— > aip'^ji^{a) and a 1— > aij)ki{a) with kl G {AA, BB} are strictly concave on [2, cxd). 
Therefore, Prop osition 1 2 . 8 1 implies that (ii) is satisfied as well. Thus, it remains to prove (iii). 

For ease of notation, abbreviate iPaa{x) = xipAAir; x), tpBAiv) = yfpBAi''^'^ v) ^^^ '^bb{z) = 
z'>pBBi''';z). Note that 

d^V d^V d'^V 

(r, x(r), y(r), z{r)) = ^-Tr(r, x{r),y{r), z{r)) = Tr^-{r, x{r),y{r), z{r)) = 0, (4.23) 



oxoy oxoz oyoz 

which is obtained by differentiating ()4.20p and using the equality in p.3p . i.e., 

dlpAA{x) dipBAiy) . I ^^ dlpBBiz) f . ^^ J^f * / \ f \ f \\ / A n A\ 

^ ix{r)) = ^ [y{r)) = (z(r)) = V{p ,x{r),y{r),z{r)). (4.24) 

ox ay oz 

With the help of ()4.23p . we can assert that, at (r,x{r),y{r),z{r)), 

j^ ^ d^V d-'V gy ^^ d-'^AAkx) d-^^BAJy) d^lPBBJz) 
dx"^ dy"^ dz"^ dx"^ dy"^ dz"^ 

with C a strictly positive constant. Abbreviate xk,{x, 1) = ^(2;), and denote by k"{x) its second 
derivative. Then (jl.lip implies that {d"^ /dx'^){il)AA{x)) = k"{x) and {d"^ /dz'^){iljBB{z)) = 
k"{z). Next, recall the formula for k stated in [^4j, Lemma 2.1.1: 

K(a) =log2 + i[aloga- (a-2)log(a-2)], a > 2. (4.26) 

Differentiate ()4.26p twice to obtain that n" is strictly negative on (2, 00). Therefore it suffices 
to prove that {d"^ /dy'^)ipBA{y{r)) < to conclude that J2 / at (r, x(r),y(r), z(r)), which 
will complete the proof of Theorem 11.171 

In [6], Lemma 5.5.2, it is shown that the second derivative of xipABix) w.r.t. x is strictly 
negative at x* , where {x*,y*) is the maximizer of the variational formula in [6j, Equation 
(5.5.8), that gives the free energy in the localized phase in the supercitical regime. It turns 
out that this proof readily extends to our setting, and for this reason we do not repeat it here. 
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4.4 Proof of Theorem 11.181 



Proof. Recall that a*{p) = a* and set p*{p) = p*. Let xs,ys be the unique maximizers of 
the variational formula in (|1.23p at a* + 5, i.e., 



fviia* +S;p) 



P* xs k{xs, 1) + (1 - p*) ys [njys, 1) - ^(a* + S)] 
p* xs + {I - p*) ys 



(4.27) 



Put 



Ts = fv,{a* + 5)- /^,(a*) - /^^(a*) 6 - 1 f^^{a*) 5^ (4.28) 

and Vs = p*xs + (1 — p*)ys- By picking x = xs, y = ys and z = ys in (jl.29p . we obtain that, 
for every (6, c) G DOM{ys), 



fviiot* +5)>—[ p*xs n{xs, 1) + PBA 



cKt) + {ys - c) 



K(ys-c,l-b 



a*+5 
2 



+ (1 - p* - PBA)ys\<y5A) - ^ 



(4.29) 



Hence, using a first-order Taylor expansion of (a, 6) i— > K(a, 6) at (y^, 1), and noting that b < c 
and Ks > 2 for all (5 > 0, we obtain 



fvAa* + S) > fvAc^* + S) + 



PBA 



{c/h)Vs -b'S 
where 5 i-^ L{5) is bounded in the neighborhood of and 



Re c + L{5)c^ 



R 



'fi,S 



p{k{p) - K{ys,l) -ysdiK{ys,l) + ^^j -ysd2K{ys,l 



(4.30) 



(4.31) 



The strict concavity oi p, >-^ f^i^ip) implies that, for every 6 > 0, p ^^ R^^^s attains its maximum 
at a unique point ps- Thus, we may pick b = c/po in (|4.30p and obtain 

Ts>\fvAo^* + 6)-fvAc^*)-fvA^nS-lfvA^*)S^} + ^R,o,sc + L{6)c\ (4.32) 

L Z J po Vs 

Since (a, (3) i— > /x'i(a — (3) is analytic on CONE, and since (5 i— > V5 is continuous (recall that, 
by Proposition 12.91 5 1-^ {xs,y5) is continuous), we can write, for 5 small enough. 



Ts> 



PBA 



R^,^sc + L{6)c^ + G{6)6^ 



(4.33) 



where 6 >-^ Gi^) is bounded in the neighborhood of 0. Next, note that Proposition 11.71 
implies that -R^q.o = 0- Moreover, as shown in [4J, Proposition 2.5.1, 6 1— > [xs,ys) is infinitely 
differentiable, so that ^{po,0) exists. If the latter is > 0, then we pick c = x6 in (jl.43p and, 
by choosing x > small enough, we obtain that there exists a t > such that Ts > t5'^ and 
the proof is complete. 

Thus, it remains to prove that ^{po, 0) > 0. To that aim, we let (xg, yg) be the derivative 
of (5 I— > [xs,ys) at 6 = and recall the following expressions from 0^j: 

K(a,l) = i[log2 + i [aloga-(a-2)log(a-2)] 



dn 



82 



-¥-I^log(a-2), 



(4.34) 



(a, 1) = ^ log 



4(a-2)(a-l)^ 
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These give 






2^0 



2 1 

+ — 



(yo - 2)yo yo - 2 yo - 1 yo 



(4.35) 



Since 



— ^ — — ^ + :;j- < 0, and since it was proven in [4], Proposition 2.5.1, that y^ < 0, 
we obtain via (j4.35p that 



TTF /io,0) > — (l + yoT ^ ;• 

d() 2 V (yo -2)yoJ 

It was also proven in [1], Proposition 2.5.1, that 

yo(yo - 2) 2x0^0 (yo - 2) 



y'o 



,,' ^ TOfao-2) 



+ 



a;o(2;o - 2) 



(4.36) 



(4.37) 



which imphes that y^ > — IMJ^ — i because x'q > 0. Thus, recalhng (j4.36p . we indeed have that 
|f(/xo,0)>0. D 



4.5 Proof of Theorem [TTOl 

4.5.1 Lower bound 

Proof. Pick r £ [0, a*) and 6 > 0. Denote by a^ and (3r the quantities r + /^^ (^) and (3l{r). 
Let Xr,yr be the maximizers of p.23p at a,- — l3r (keep in mind that ar — /3r = r), i.e.. 



/i?i(ar - (3r;p) 



p* Xr K{Xr, 1) + (1 - p*) Vr [KJyr, 1) - ^^^ 

p*Xr + (1 - p*)yr 



(4.38) 



Put 



75 = /£i {ar + 5,l3r + 5-p)- fv, {ar-pr;p) (4.39) 

and Vr = p*Xr + (1 — P*)yr- By picking x = Xr, y = yr and z = yr in p.33p at (a^ + 5, /?,. + 5), 
we obtain, for every (6, c) G DOM(yr), 



/£i ("r + 5, /3r + (5; p) 



> TT ( P*^*- '^(^r, 1) + PBA C4> {ar + 6, Pr + S; 5) + {yr - c) 
+ {l- P* - PBA)yr K{yr,l] 

Therefore, using (|4.38p and (j4.4Up . we obtain 



K-iyr — c,l — b 



2 



Qr—0r 
2 



(4.40) 



rj. ^ PBA , 



(a^ + (5, /?r + 5; ^) + ^J:—Br- - K,{yr -c,l-b) +yr ^{yr -c,l-b)- K{yr, 1) 



(4.41) 
By a Taylor expansion of (a, b) i-^ «;(a, b) at (yr, 1), noting that 6 < c, we can rewrite (I4.4ip 



as 



r,>^,c 



Vr 



(l)^{ar + 5,Pr+S; I) + ^^ - K{yr, l)-yrdiK{yr, 1) - '-^d2n{yr, 1)1 +C(c)c' 



(4.42) 
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where x >-^ (,{x) is bounded in the neighborhood of 0. As explained in the proof of Theorem 
\rW( i). for r <a*, 

sup J k{fi) + ^^ - K{yr, 1) - yrdMvr, 1) " fd2K{yr, 1)) < 0. (4.43) 

Set 

S^ = ^^-l^(^y^^l)-y^dlK{yr,l). (4.44) 

Then ()4.43p and [4], Lemma 2.1.2(iii), which asserts that fJ-k(fi) r^ log;U as /Li — >■ oo, are 
sufficient to conclude that Sr < 0. Next, we note that, by the definition of f3r and by Corollary 
11.71 for all (5 > there exists a us > 1 such that 

fj,s4>'^iar +S,Pr + ^; fJ-s) + fJ-SSr - yrd2l^{yr, 1) > 0. (4.45) 

Because of Lemma l2.4( i). which tells us that ((^^{ar+5, Pr+S] /^) tends to as ^ — > oo uniformly 
in (5 G [0, 1], we know that fj,s is necessarily bounded uniformly in 6. For this reason, and since 
{ar,/3r) S ^1 and (/U,a,/5) i— > (tP'{a,(3;ii) is continuous. Corollary 11.71 allows us to assert that 
there exists a /i,- > 1 such that 

fir[(l)^{^Xr,ar,(3r) + Sr - f^d2n{yrA)) =0. (4.46) 

Hence, using ()4.43p . we obtain (j)-^{ar, Pr, fJ-r) > ^{fir)- Moreover, x i-^ (j^^iar — Pr + x,x,^r) 
is convex and (p'^ia-r — Pr + x,x,^r) = Hipr) for x < 0. Therefore, we can assert that 
dx{4>'^[ar — Pr + x,x,^)]{x = Pr) = m > and, consequently, (fP'{iJLr,Cir + 5, Pr + 5) > 
(f^ {jjLr , ar , Pr) +m6. Now (|4.42p becomes 

Ts>^-^{cm5 + i{c)^), (4.47) 

and by picking c = a5 with a small enough we get the claim. D 

4.5.2 Upper bound 

Proof. For this proof only we assume the strict concavity of /x i-^ fKp [a, P; fi) for all 
(a,/9) S CONE. As mentioned in Remark ll.2l fii). the latter implies the strict concavity of 
a I— > atpBAia, /3; a). We keep the notation of Section |4. 5. H i.e., we let (xs^ys, zs) be the unique 
maximizers of the variational formula in (jl.33p at (a^ + S, Pr + S)'- 

r , , X /3 , X \ PAXsi^AAixs) + PBAy5'>pBA{ys) + PBBZ5'>Pbb{z5) . . .„. 

PAZS + PBAyS +PBBZS 

We let {bs,cs) be the maximizers of the variational formula in (J1.13p at (oj. + 6,Pr + S,zs). 
Recall that, in 2?i, /(a, /3; p) is equal to /dj (a, P; p), but is also equal to fc^ (a, /3; p). Therefore, 
by picking xs, ys and zs in (I1.33P at {ar,Pr), and {bs,cs) in (I1.13P at {ar, Pr,y5), we obtain 
the upper bound 

Ts = fCi {a-r + S, Pr +S,p) - fci {ar , Pr ,p) 

< CS [^^{ar + 6,Pr + 6, ^) - (t>^{ar, Pr, ff )] • 

As stated in the proof of Lemma |2.3^ (jr{a,P; fi) is A'-Lipshitz in {a,P) uniformly in /x. We 
therefore deduce from ()4.49p that Tg < Kcs5, and the proof will be complete once we show 
that lim^jo cs = 0. 
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Since {or, Pr) G I'l, we have fx>i = fci at {or, (3r) and since a i— > aipBAior, (3r; a) is strictly 
concave, the maximizers of (jl.33p are unique. This yields yo = ^o- Moreover, by applying 
Proposition 12.91 we obtain that {xs, zs) i— > (xq, zq) as (5 — > 0. Therefore we need to show that 
2/5 '"^ 2/0 as (5 — > 0. For this, we recall (|2.3p . which allows us to assert that, for S >0, 

a [ys) = j{ar + o,Pr+d). (4.50) 

oa 

Since f{ar,(3r) > 0, by applying Lemma [231 11) we can assert that there exists an oq > such 
that, for all 6 E [0, 1] and all y > oq, the l.h.s. of (j4.50p is smaller than or equal to /{or, /3r)/2, 
whereas for 5 small enough the continuity of / implies that the r.h.s. of (|4.50p is strictly larger 
than /(ar,/3r)/2. Therefore ys < oq when 6 is small. Next, the continuity of (a,/3) i-^ f{a,l3) 
and {a, (3, a) ^^ VM(a,/3;a), together with the convergence of {xs,zs) to (a;o,2/o) as (5 ^ 
allows us, after letting (5 ^ in (j4.48p and using again the uniqueness of the maximizers in 
p.33p . to conclude that y^ ^ yo as 5 — > 0. 

Now, put fis = f^- Then, by the definition of {bs,cs), we have 

ysipBA{ar + 6,Pr + S;ys) = cs(f-{ar + 6,Pr + S;iJ,5) + {y6-cs) ^(y^-c^, 1-^)-^^^ . (4.51) 

We already know that cs is bounded in 6, since eg < ys and ys converges. We want to show that 
Us is bounded in 5 as well. Note that, by the concavity of a i— > aK{a, 1), the r.h.s. of (|4.5ip is 
concave as a function of c. Moreover, for all (5 > we have cs > 0, because {ar+5,Pr+^) S £i. 
This implies that the derivative of the r.h.s. of (j4.5ip w.r.t. c at (c = 0, fis) is strictly positive 
when 6 > 0, i.e., 

cP^iar + 6,f3r + S; fis) - Sr,s - f^dK{ys, 1) > (4.52) 

with 

sr,s = ^^ - ^ys, 1) - ysdMys, l). (4.53) 

Note that Srfl = Sr, with Sr defined in (j4.44p . Since ys converges to yo, and since we have 
proved in Section 14.5.11 that 5^,0 < 0, it follows that Sr^s ^ Sr,o/2 < for 6 small enough. 
Moreover, by Lemma [2^ i). (j)^{ar + J, /?r + 5; p) tends to as /^ ^ cxd uniformly in 5 E [0, 1], 
which, with the help of ()4.52p . is sufficient to assert that (is is bounded from above for 5 small. 
At this stage, it remains to prove that the only possible limit for cs is 0. Assuming that 
{cs,iJ,s) *-^ (cooj/^oo), we obtain, when (5 — > in (I4.51|) . 

yo 1pBA{ar,f3r;yo) = Coo4'^{ar,f3r;fJ-oo) + (2/0 " Coo) «^(2/0 - Coo, 1 - f^) " ^^^ • (4.54) 

The fact that (q,.,/?,.) E Pi implies, by Corollarv 11.71 that the derivative of the r.h.s. of (j4.54p 
w.r.t. c at (c = 0, /Xoo) is non-positive. Therefore the concavity in c of the r.h.s. of (I4.54|) is 
sufficient to assert that Coo = 0. D 



4.6 Proof of Theorem [T:201 



Proof. Recall Theorem I1.16( iv). and the constant r2 > such that P2 and £1 touch each 
other along the curve re [a*,a* + r2) 1— »■ (r + l3'^{r), j3^{r)). Pick r E [a*, a* + r2) and 6 > 0. 
We abbreviate a^ and f3r for the quantities r + I3'^{r) and 0l{r). Let Xr,yr,Zr be the unique 
maximizers of the variational formula (|1.29p at ar — l3r, i.e., 

, , r, \ PAXrtpAAiar- Pr;Xr)+ PBAyrlpBAi'^r- Pr;yr)+ PBBZrIpBBiar- (3r;Zr) 

JV2{Oir-IJr;P) = : : • 

PAXr + PBAyr + PBBZr 

(4.55) 
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Put 

Ts = fciictr + S,Pr + S;p) - fviiar - Pr;p) (4.56) 

and Vr = PAXr + PBAUr + PbbZj-- By picking x = x^, y = Vr and z = y^ in p.c{3p . we obtain, 
fci {otr + S,Pr + S;p) > 

PA Xr IpAAJar - (^r,Xr) + PEA yr IpBAJar + 5, Pr + 5] y,.) + PBEZrlpBEJar - Pr] Zr) 

V{r) 

(4.57) 

Therefore, using (I4.55f[457|) we obtain 

Ts > ^^[tPBAiar + 6,Pr+S;yr) - iPMar - Pr;yr)). (4.58) 

Let {cr,br) be the unique maximizer of (J1.14p at (ur — Pr',yr)- By picking (c, 6) = {cr,br) in 
p.l3p at (a^ + 6, Pr + ^',yr)i we can bound Ts from below as 

<P^{ar + 6,Pr + S;^)~km]], (4.59) 



Ts > Rr 
where Rr = PEACr/Vr- Since {or, Pr) £ ^2 and {ar+6, Pr+S) G -^i, it follows from Proposition 

[L9l that TpBA{oir,Pr]yr) = tpEAi^r, Pr', Vr) and tpBAiOr + 6, Pr + 6;yr) > Ip^j^iUr, Pr^Vr)- 

Therefore, by Lemma [3?n we obtain that (j)-^{ar,Pr', ^) = i^{^): whereas (jy^{ar+d, Pr+S', ^) > 
k(^), which means that the phase transition of cp along {(s+r, s): s > — §} effectively occurs 
at s = Pc{r). Using p.2Up . we complete the proof. D 
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